Abstract. In this note, we obtain the sharp estimates for the first eigenvalue of Paneitz operator for 4-dimensional compact submanifolds in Euclidean space. Since unit spheres and projective spaces can be canonically imbedded into Euclidean space, the corresponding estimates for the first eigenvalue are also obtained.
introduction
Given a smooth 4-dimensional Riemannian manifold (M 4 , g), the Paneitz operator, discovered in [18] , is the fourth-order operator defined by
where ∆ is the scalar Laplacian defined by ∆ = divd, div is the divergence with respect to g, R, Ric are the scalar curvature and Ricci curvature respectively. Beautiful works on Paneitz operator P have been developed recently by Chang [4] , Branson-Chang-Yang [2] , Chang-Yang [5] , Chang-Gursky-Yang [7] , and Gursky [13] . The Paneitz operator was generalized to higher dimensions by Branson [1] .
In [6, 14, 15, 22] , the authors investigated positivity of the Paneitz operator. In analogy with the conformal volume in [17] , Xu and Yang [23] defined n-conformal energy for compact 4-dimensional Riemannian manifold immersed in an n-dimensional sphere S n (1). In the same paper [23] , the upper bound for the first eigenvalue of Paneitz operator was bounded by using n-conformal energy. In [11] , we obtained the sharp estimates for the second eigenvalue of Paneitz operator for compact n(n ≥ 7)-dimensional submanifolds in an Euclidean space and an unit sphere.
Assume that M n is a compact Riemannian manifold immersed into Euclidean space R N . In [19] , Reilly obtained the well-known estimate for the first eigenvalue λ 1 of Laplacian
where H is the mean curvature of immersion M n in R N . In [20] , Soufi and Ilias obtained the corresponding estimates for submanifolds in sphere S N (1), hyperbolic space H N (−1) and some other ambient spaces. Motivated by [17] , Soufi and Ilias [21] also obtained the sharp estimates for the second eigenvalue of Schrödinger operator for submanifolds in space form R N , S N (1) and hyperbolic space H N (−1).
The aim of this paper is to obtain the Reilly-type sharp estimates for the first eigenvalue of Paneitz operator in terms of the extrinsic geometry of the compact 4-dimensional submanifold M n in space form R N and Euclidean unit sphere S N −1 .
Preliminaries
2.1. Some formulaes in submanifolds. Let M be an n-dimensional compact Riemannian manifold and let X = (
For a fixed point q ∈ M, in a neighborhood of q, we can choose an unit orthonomal basis {e i , e α } with e i tangent to M and e α normal to M for 1 ≤ i ≤ n, n + 1 ≤ α ≤ N.
It is well known that ( [10, 3, 16] )
where h α ij is components of the second fundamental form, where
ii e α is the mean curvature vector field of M, ∆ is defined by ∆ = divd. Since the ambient space is Euclidean space, the Gauss equation imply
where h, R denote the second fundamental form and scalar curvature of M, respectively.
2.2.
High order mean curvature. Let (M n , g) be an n-dimensional submanifold in an N-dimensional space form R N (κ), where R N (κ) is Euclidean space R N when κ = 0, R N (1) is a unit sphere S N when κ = 1. Suppose {e i } is a local orthonormal basis for Γ(T M n ) with dual basis {θ i } and {e α } is a local orthonormal basis for the normal bundle of x :
is the vector matrix with respect to the frame {e 1 , . . . , e n } on M n . We define the following (0, 2)-tensor T r for r ∈ {0, 1, . . . , n − 1}, (see [3, 12, 19] ): If r is even, we set 
We also set
where
For any even integer r ∈ {0, 1, · · · , n − 1}, the r−th mean curvature function H r and (r + 1)-th mean curvature vector field H r+1 as follows
9)
where n r is the binomial coefficient. By convention, we put H 0 = 1.
2.3. Submanifolds in projective space. Let F denote the field R of real numbers, the field C of complex numbers or the field Q of quaternions. Let FP m denote the m-dimensional projective space over F. The projective space FP m are endowed standard Riemannian metric whose sectional curvature are either constant and equal to 1 or pinched between 1 and 4 (F = C or Q). It is well known that there exist the first standard embedding of projective spaces into Euclidean spaces (see [9] ). Let ρ : FP m −→ H m+1 (F) be the first standard embedding of projective spaces into Euclidean spaces, where
M m+1 (F) denote the space of (m + 1) × (m + 1) matrices over F. For convenience, we introduce the integers
an isometric immersion and let H and H
′ be the mean curvature vector fields of the immersion f and ρ • f respectively. Then one obtains
is the local orthonormal basis of Γ(T M),K is the section curvature of FP m which can be expressed bỹ
2 , J r is the quaternionic structure of QP m , if F = Q.
In fact, one can infer that
where the equality holds if and only if M is a complex submanifold of CP m , for the case CP m ; the equality holds if and only if n ≡ 0 (mod 4) and M is a quarternionic submanifold of QP m , for the case QP m .
Compact submanifolds in Euclidean space
Assume that M 4 is a 4-dimensional compact Riemannian manifold and isometrically immerse into Euclidean space
The eigenvalue problem for Paneitz operator refer to
For the first eigenvalue of Paneitz operator, we have Theorem 3.1. Assume that M 4 is a 4-dimensional compact Riemannian manifold isometrically immersed in Euclidean space R N . Let Λ 1 be the first nonzero eigenvalue of Paneitz operator, then Proof. Since all the quantities appearing in (3.2) is independent of the choice of origin, we may, without loss of generality, assume that the center of gravity of X is located at the origin; that is,
By min-max principle, using the coordinates functions
where , is Euclidean inner product. Now we will calculate the term M 4 X, P X dv in the following,
Therefore, we obtain
Multiply M 4 |H| 2 in (3.4) both sides, then
By Cauchy-Schwartz inequality, we obtain
Recall the Minkowski formula (see [19] )
From (3.5),(3.6) and (3.7), we get the inequality (3.2).
If N ≥ 6 and the equality holds in (3.2), all inequalities become qualities from (3.3) to (3.7). The equality holds in (3.6), then
The Minkowski formula (3.7) implies the constant c = 0. Since 
From (3.8), we haveH = 0, i.e., M 4 is a minimally immersed submanifold in a hypersphere S N −1 (r).
For N = 5, that is, M 4 is a hypersurface in R 5 , the proof follows in much the same way, we omit it here.
Corollary 3.2. Assume that M
4 is a compact 4-dimensional Riemannian manifold isometrically immersed in Euclidean space R N . Let Λ 1 be the first nonzero eigenvalue of Paneitz operator, then
In particular, equality holds in (3.10) if and only if M 4 is a round sphere.
Proof. From Gauss equation, we get
By Cauchy-Schwartz inequality |h| 2 ≥ 4|H| 2 , we obtain
Combining (3.2) with (3.11), we deduce the estimate (3.10).
If the equality holds in (3.10), then |h| 2 = 4|H| 2 , so we have M 4 is a round sphere.
Corollary 3.3. Assume that M 4 is a compact 4-dimensional Riemannian manifold isometrically immersed in Euclidean space R N . Let Λ 1 be the first nonzero eigenvalue of Paneitz operator, then
The equality holds if and only if M 4 is a round sphere.
Proof. From Cauchy-Schwartz inequality, we get
Then by inequality (3.10), (3.12) holds.
Corollary 3.4. Assume that M 4 is a compact 4-dimensional Riemannian manifold isometrically immersed in Euclidean space R N . Let Λ 1 be the first nonzero eigenvalue of Paneitz operator, then
If equality holds in (3.13) and H 3 does not vanish identically, then M 4 is a immersed submanifold with H 3 = cX in some hypersphere in R N for some constant c.
Equality holds in (3.14) if and only if M 4 is a round sphere in R 5 .
Proof.
(1) Multiplying M 4 |H 3 | 2 both sides in (3.4) , we get
From Cauchy-Schwartz inequality
and Minkowski formula in [19] 
H 2 dv, the inequality (3.13) holds.
From the basic facts for Cauchy-Schwarz inequality, this implies that H 3 = cX for some constant c. By hypothesis, H 3 does not vanish identically, we have c = 0. Since d|X| 2 = 2 X, dX = 0, it follows that |X| = const., so X map M 4 in to a hypersphere of R N .
(2) Multiplying H 2 i both sides in (3.4), then we have
where e 5 is the unit normal vector field of M 4 , the inequality (3.13) holds. If the equality holds in (3.14), we have H i e 5 = cX from the Cauchy-Schwarz inequality for some constant c. Since d X, X = 2 dX, X = 0, it follows that |X| = r = const.. Therefore, we have M 4 is a sphere in R 5 .
submanifolds in spheres and projective spaces
Since the unit sphere and projective spaces admit canonical embedding into the Euclidean space, we will obtain the corresponding estimates for the first eigenvalue of Paneitz operator.
Theorem 4.1. Assume that M 4 is a 4-dimension compact Riemannian manifold and isometrically immerses into the unit sphere S N −1 ⊂ R N −1 . Let Λ 1 be the first nonzero eigenvalue of Paneitz operator, then
Moreover, if the equality holds in (4.1), then M 4 is a minimal submanifold in unit sphere S N −1 .
Proof. Since the unit sphere can be canonically imbedded into Euclidean space, we have the following diagram
where H ′ is the mean curvature vector of M 4 in Euclidean space R N .
By the theorem 3.1 and
Therefore we get (4.1).
It is well known that the mean curvatures H ′ and H obey 
and
Moreover, the equalities hold in (4.4) and (4.5) if and only if M 4 is a totally geodesic submanifold in unit sphere S N −1 .
Since there is a canonical imbedding from FP m (F = R, C, Q) to Euclidean space H m+1 (F), then for compact manifold M 4 isometrically immersed into the projective space FP m , we have the following diagram
where H ′ is the mean curvature vector field in Euclidean space H m+1 (F). From the relation (2.11) and Theorem 3.1, it follows Theorem 4.3. Assume that M 4 is a compact Riemannian manifold isometrically immersed into the projective space FP m , Let Λ 1 be the first nonzero eigenvalue of Paneitz operator, then
Eigenvalue of Paneitz-like operator
In this section, we will give the Reilly-type inequalities for Paneitz-like operator for ndimensional (n ≥ 4) compact submanifolds in Euclidean space.
The eigenvalue problem for Paneitz-like operator refer to
where constants a and b satisfies na + b ≥ 0. When n = 4, a = Taking the similar argument as Paneitz operator, the theorems in section 3 and section 4 can be generalized:
n is a compact n-dimensional Riemannian manifold isometrically immersed in Euclidean space R N . Let Λ 1 be the first nonzero eigenvalue of Paneitz-like operator P ′ a,b , then
where Vol(M n ) is the volume of manifold M n . Moreover, the equality holds in (5.2), M n is a minimal submanifold of some hypersphere in R N .
Corollary 5.2. Assume that M n is a compact n-dimensional Riemannian manifold isometrically immersed in Euclidean space R N . Let Λ 1 be the first nonzero eigenvalue of Paneitz-like operator, then
The equality holds if and only if M n is a round sphere in R N .
Corollary 5.3. Assume that M n is a compact n-dimensional Riemannian manifold isometrically immersed in Euclidean space R N . Let Λ 1 be the first nonzero eigenvalue of Paneitz-like operator, then Equalities hold in case (2), M n is a sphere in R n+1 .
Theorem 5.4. Assume that M n is a n-dimension compact Riemannian manifold and isometrically immerses into the unit sphere S N −1 ⊂ R N . Let Λ 1 be the first nonzero eigenvalue of Paneitz operator, then
(5.6) Corollary 5.5. Assume that M n is a n-dimension compact Riemannian manifold and isometrically immerses into the unit sphere S N −1 ⊂ R N . Let Λ 1 be the first nonzero eigenvalue of Paneitz-like operator, then
Theorem 5.6. Assume that M n is a compact Riemannian manifold isometrically immersed into the projective space FP m , Let Λ 1 be the first nonzero eigenvalue of Paneitz-like operator, then
(5.8)
